In this paper we discuss a special class of regularization methods for solving the satellite gravity gradiometry problem in a spherical framework based on band-limited spherical regularization wavelets. Considering such wavelets as a result of a combination of some regularization methods with Galerkin discretization based on the spherical harmonic system we obtain the error estimates of regularized solutions as well as the estimates for regularization parameters and parameters of band-limitation.
Introduction
In a spherical framework the problems arising in satellite gradiometry can be formulated as an integral equation of the rst kind 
To be more speci c, we assume a spherical surface of the earth R = fx 2 R 3 ; jxj = (x 2 1 + x 2 2 + x 2 3 ) 1=2 = R g as well as the orbit r = fx 2 R 3 ; jxj = rg ; r > R; (dw R denotes the surface-element on R ): From a physical point of view, f(y); y 2 R ; represents the gravitational potential at the surface of the earth R ; g(x); x 2 r ; is the measured function at satellite altitude.
For more details we refer the reader to 10, 11] .
In what follows `d enotes the surface of the earth R for`= 1 and r for = 2: Furthermore, we use the Hilbert space L 2 ( `) containing all squaresummable functions on the sphere `e quipped with the inner product (f; g)`= R `f (y)g(y)d!` (y) and with the usual norm kfk 2;`= (f; f) 1=2 : Let fY n;k ; n = 0; 1; 2; :::; k = 1; 2; :::; 2n + 1g be a set of spherical harmonics L 2 -orthonormalized with respect to the unit sphere in Euclidean space R 3 (for more details see 2, 9] ). One of the central statements which relates a system of spherical harmonics fY n;k ; k = 0; 1; 2; :::; 2n + 1g of order n to a Legendre polynomial of degree n P n (t) = (2 n n!) ? 
where n = ? R r n (n + 1)(n + 2)r ?2 : Now we recognize that n ! 0 for n ! 1 and therefore A is compact. Remembering Hadamard's de nition of a well-posed problem (existence, uniqueness, continuity of the inverse), we consequently see that the problem (1) is ill-posed as it violates the rst and third condition. Due to the ill-posedness of the equation (1) a variety of regularization methods are being considered for an approximate solution, where particular emphasis must be put on balancing the data and the approximation error. In this paper we are concerned with a special class of regularization methods, as proposed in 4, 11] . More precisely, the authors of these papers implement regularization methods based on ltered singularvalue decomposition as a wavelet analysis. This enables us to pass over from one regularized solution to another by adding so-called detail information in terms of wavelets. It should be remarked that the idea to use wavelet based regularization techniques is realized already in 1, 5] . The essential feature of the approach proposed in 4, 11] is the ability to construct regularization wavelets on the sphere, for example. On the other hand, in the theory of spherical regularization wavelets the so-called band-limited case is among the most important. In this case the spherical regulariziaton wavelet packet as well as the spherical regularization scaling function and corresponding regularized solution of (1) belong to H m ( `) . Therefore, using band-limited spherical regularization wavelets we reduce the number of wavelet coe cients. Moreover, the numerical realization can be performed by a fast pyramid scheme 13]. Lastly, the basis of H m ( `) is the system of spherical harmonics fY (`) n;k g. On the other hand, it is not surprising that in our days geodesy is still dominated by spherical harmonics models for a global gravitational potential determination, i.e. up to now a table of spherical harmonic coe cients to a certain order is available. A very important question when dealing with band-limited spherical regularization wavelets is the relation between the regularization level and the parameter of band-limitation m: Moreover, since in practice we are confronted with error a ected right hand sides g of (1) such that kg ? g k 2;2 ;
the relation of regularization level as well as the parameter of band-limitation m to the level of noise is another important question. In this paper we consider band-limited spherical regularization wavelets as a result of a combination of various regularization methods with Galerkin discretization based on the spherical harmonic system and investigate both the above mentioned questions. From such point of view the second question is connected with error estimates of regularized solutions in terms of the level of noise : There are many papers devoted to the in-depth study of this problem. But as has been mentioned in 11, p.44] (see Section 2 of this paper too) we have to deal with the exponentially ill-posed integral equation (1) .
Tikhonov regularization for such ill-posed problems was investigated in 8].
In Section 2 we apply some elements of the technique from 8] to the case of general regularization methods.
The essence of the rst above mentioned question consists in the relation between the level of Galerkin discretization and the regularization parameter. Probably such a question was considered for the rst time in 12] and later in 6, 7] . In Section 4 we extend this analysis to the geodetic exponentially ill-posed problems.
2 A general error estimate for the exponentially ill-posed problem (1) In this section we consider the frequently used constraint of assuming that the exact solution f of (1) 
TG(T T) = G(TT )T; T G(TT ) = G(T T)T :
Keeping in mind these formulas from the Assumption 1 we have 3 Spherical regularization wavelet packets
In this section we follow the approach 4,11] and our aim is to show that the regularized solution f is obtainable by decomposition and reconstruction of the noisy right hand side g with respect to the wavelet basis. We start with the representation 
is called the scale discrete spherical regularization scaling function corresponding to the regularization method (4). Moreover, we call f j ; j 2 Zg;
de ned by
the scale discrete spherical regularization wavelet packet with respect to (4).
As in 4,11] we de ne the dilation operators D p ; p 2 Z, acting on the families { j g; f j g in the following way: D p j = j+p ; D p j = j+p :
In particular, we obtain j = D j 0 : Thus, we refer to 0 and 0 as mother wavelet packet and mother scaling function respectively. Moreover, we de ne a rotation (shifting) operator R (`) z on `;`= 1; 2; by
n;i (x); x 2 `( 10)
In the same manner as (10) The assertion of the theorem follows from the last inequality and (6), (7) . By inspecting the result of Theorem 2 for an error free right hand side ( = 0) we can see that it has a sense to take the parameter of band-limitation m j for band-limited spherical regularization wavelets as m j s log 1 Nevertheless, as appears from the numerical test example 4], the results are still applicable and agree with the above mentioned estimates.
